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In this paper, we establish a quadrature formula and some basic properties of the
zeros of a sequence (P,), of orthogonal matrix polynomials on the real line with
respect to a positive definite matrix of measures. Using these results, we show
how to get an orthogonalizing matrix of measures for a sequence (P,), satis-
fying a matrix three-term recurrence relation. We prove Blumenthal’s theorem
for orthogonal matrix polynomials describing the support of the orthogonalizing
matrix of measures in case the matrix recurrence coefficients associated with these
matrix polynomials tend to matrix limits having the same entries on every diagonal.
© 1996 Academic Press, Inc.

1. INTRODUCTION

A close relationship between orthogonal matrix polynomials (or matrix
polynomials satisfying a matrix three-term recurrence formula) and scalar
polynomials satisfying a higher order recurrence formula has been estab-
lished very recently (see [ D1, D2, and DV]). Thus, in [ DV], the following
theorem has been proved:

THEOREM A. Suppose p,(x) (n=0,1,2,...) is a sequence of polynomials
satisfying the following (2N + 1)-term recurrence relation

thn( )_Cn Opn n/‘pnfl» )+Cn+k,kpn+k(t))9 (11)
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where ¢, o (n=0,1,2, ..) is a real sequence and c, , (n=0, 1, 2, ...) are com-
plex sequences for k=1, .., N, with c, x#0 for every n and with the initial
conditions p,(x) =0 for k <0 and p, given polynomials of degree k, for k =
0, ..., N—1. We define the sequence of matrix polynomials (P,), by

Ry o(pun)t) -+ Ry v 1(pan)(2)

Ry o(puns () -~ Ry v 1(pun+1)(1)

P, (1) = . (12)

Ry o(pansnv—0) -+ Ry n_1(Puysn—1)1)
where the operator Ry ,, (m=0, .., N —1) is defined by

p(nN+m)(O) .,

Ry .(p)(2) ZZWI )

so that
p(1) =Ry o(p)t")+ 1Ry (1Y) + - + N 'Ry v (1Y),

Then the sequence of matrix polynomials defined by (1.2) is orthonormal on
the real line with respect to a positive definite matrix of measures and
satisfies a matrix three-term recurrence relation.

Conversely, suppose P,,z(P,,)mJ-),]X;iO is a sequence of orthonormal
matrix polynomials or equivalently satisfying a matrix three-term recurrence
relation (without loss of generality we can assume the leading coefficient

of P, to be a lower triangular matrix), then the scalar polynomials defined
P}1N+m(t): Z tan,m‘j(ZN)a (neN,OSméN—l),

satisfy a (2N + 1)-term recurrence relation of the form (1.1).

In this paper, we consider matrix polynomials satisfying the three-term
recurrence relation

tPn(t)=Dn+1P}1+l([)+EnPn(l)+D;lkPn71(t) (13)

with Py(¢t)=1 and P_,(t)=0, where P,(¢) are matrix polynomials with
coefficients in CV*" and the recurrence coefficients D, ,,, E, are also
N x N matrices. We can assume (see the proof of the previous theorem in
[DV]) the matrices D, to be lower triangular matrices with det D, # 0 and
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E¥=E,. Thus the expression of the matrices D,, E,, in terms of the
recurrence coefficients which appear in (1.1), is

CoNon 0 0 0
Cun, N—1 CuN+1, N 0 0
D,= CanyN—2 Cunt+1,N—1 Cung2N " 0 s
Cun, 1 Can+1,2 Cun+2,3 " CuN+N—1IN
and
CuN, 0 CaN 41,1 CaN+2,2 ot CuNEN—1,N—1
CaN+1,1 CaN+1,0 CaN+2,1 v CuNyN—1,N—2
E, = CuN+2,2 Can+2,1 CuN+2,0 vt CaNyN—1,N—3
CaNtN—1,N—1 CuNyN-1,N—2 CuNnyN—-LN-3 *°° CuN+N—1,0

Matrix polynomials (P,(¢)), satisfying a recurrence formula of the form
(1.3) are orthonormal with respect to some Hermitian matrix of measures
M = (g, )y ,_, which is positive definite:

[P0y am(r) Pi(1)=6,,.,1

In Section 2 of this paper we study the properties of the zeros of the matrix
polynomials (P,,), (as usual, the zeros of the matrix polynomial P, are the
zeros of det P,), and establish a quadrature formula for the matrix inner
product defined by the matrix of measures M. More precisely, we prove
that

THEOREM 1.1. (a) The zeros of P, have a multiplicity not bigger than
N. Furthermore P, has nN zeros (taking into account their multiplicities) and
all the zeros are real (neN).

(2) If ais a zero of multiplicity p of P, then rank(P, (a))=N—p. If
ais a zero of P,and P, , \, then P,(a) and P, , (a) do not have any common
eigenvector associated to 0.

(3) If we write x, ; (k=1,..,nN) for the zeros of P, ordered in
increasing size (and taking into account their multiplicities), then

X Lk SX k SX k4N for k=1, ., nN.

(4) If x, . is a zero of P, of multiplicity just N, then P,(a)=0 (here
and in the rest of this paper, we write 0 for the null matrix, the dimension
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of which can be determined from the context. For instance, here 0 is the
N x N null matrix). Furthermore every complex value of x)/% is a zero of the
N consecutive scalar polynomials p, (1), oo Pun+ v —1(2). In lhzs case the real
number x,_, can not be a zero of the matrix polynomial P, , ;.

(5) Associated with every zero X, of the matrix polynomial P,
(k=1,..,nN) there exists a N x N positive semidefinite matrix B, ; such
that

jP dM Q* Z n k n.kQ*(xn.k) (14)

for P, Q matrix polynomials satisfying dgr(P)+ dgr(Q)<2n—1.

By using the relationship given in Theorem A and by considering the
zeros of P, as the eigenvalues of a certain Hermitian matrix, the proof of
those results will be surprisingly simple. Using a different approach, other
quadrature formulas have been found recently for orthonormal matrix
polynomials by Sinap and Van Assche (see [ SV]). The proof given here for
the formula (1.4) should be compared with the proof given there. In a sub-
sequent paper, one of the authors has completed Theorem 1.1 by giving
new properties on the zeros of orthogonal matrix polynomials and a closed
expression for the quadrature weights. These results have been used to
extend Markov’s theorem for orthogonal matrix polynomials (see [ D3]).

From the N x N positive definite matrices (B, ,), , which appear in the
quadrature formula (1.4), we can define a sequence of discrete positive
definite matrices of measures by

nN
= L Buide

where x,, , (k=1,..,nN) are the zeros of P,. We complete Section 2 by
proving that, as in the scalar case, an orthogonalizing measure for the
matrix polynomials (P,), can be obtained as a limit point of these matrices
of measures. Taking into account that this result will follow from
Theorem 1.1 and that this theorem is a consequence of the fact that the
matrix polynomials (P,), satisfy the matrix three-term recurrence relation
(1.3), the results proved in this Section 2 provide a new proof of Favard’s
theorem for matrix polynomials satisfying a matrix three-term recurrence
relation (for other proofs using different approaches, see [AN], or [ D2]).

Finally, we establish in Section 3 Blumenthal’s theorem for matrix polyno-
mials. Indeed, we assume the recurrence coefficients in the formula (1.1) to
be convergent sequences, i.e., for k=0, .., N, the sequence (c, ), satisfies
¢ =lim, _, ¢, ;. According to the relationship given in Theorem A, this is
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equivalent to assuming that the matrix recurrence coefficients in (1.3) are
converging to the matrices D, E which have equal entries on every diagonal
(finite Toeplitz matrices), D is lower triangular and the entries of the upper
ith diagonal of E are the same as the entries of the lower (N +2—i)th
diagonal of D. With this hypothesis, we prove that the support of the
orthogonalizing matrix of measures (i.e., the support of the trace measure
of this matrix of measures) is a compact interval and, possibly, two sequen-
ces of real numbers outside this interval which tend to the endpoints. This
interval is given by

[co+ inf t(x),co+ sup tx)],

xel—nn xe[—n n]

where #(x) is the trigonometric polynomial

t(x)=< g: 2NR(c;) T,(cos x) > < Z 2 sin(x) 3(c;) U, _ (cos x))

- — 1

and (7)., (Uy), are the Chebyshev polynomials of the first and second
kind, respectively. We give an example to show that the convergence of the
matrix recurrence coefficients in (1.3) is not enough to guarantee the sup-
port of the matrix of measures to be a compact interval and, possibly, two
sequences outside this interval which tend to the limit points of it. The
Toeplitz nature of the limit matrices is needed for this structure of the
support.

2. ZEROS OF ORTHOGONAL MATRIX POLYNOMIALS

In this Section, we study the zeros of a sequence (P,), of N x N matrix
polynomials satisfying a three-term recurrence relation as (1.3); let us recall
that we can assume the matrices D, to be lower triangular matrices with
det D, #0 and E}* = E,. As usual, a point x, is a zero of a matrix polyno-
mial P(x), if det P(x,)=0, ie., x, is a zero of the scalar polynomial
det P(x).

Let us consider the infinite dimensional matrix defined by putting the
sequences of matrices (D)., (Ex)i, (D), which appear in the recurrence
formula (1.3), on the diagonals of the matrix J:
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It is clear that J is a (2N + 1)-banded infinite Hermitian matrix. We call
this matrix the N-Jacobi matrix associated with the polynomials (P,),. It
is worth to note that this N-Jacobi matrix can be obtained by putting on
the diagonals the recurrence sequences which appear in the (2N + 1)-term
recurrence formula (see (1.1)) satisfied by the scalar polynomials (p,,),,
associated with (P,), according to Theorem A.

The N-Jacobi matrix is going to play a fundamental role in the study of
the properties of the zeros of the matrix polynomials (P,),, moreover,
Theorem 1.1 will be a consequence of the following lemma.

LemMA 2.1. For ne N, the zeros of the matrix polynomial P,(t) are the
same as those of the polynomial det(tl,—J,x) (with the same multiplicity ),
where 1,y is the identity matrix of dimension nN and J,y is the truncated
N-Jacobi matrix of dimension nN.

To prove Lemma 2.1, we need the following lemma which is interesting
in its own right. Note that for a given matrix 4, we denote by Adj(A4) the
classical adjoint, i.e., the matrix uniquely defined by the property

A Adj(A) = Adj(4) A =det(A) I.

LEMMA 2.2. Let A(t) be a N x N matrix polynomial and let a be a zero
of A(t). We put

R(a, A)={veC": A(a) v*=0}.
If dim(R(a, A)) =p, then
(Adj(A()) (a) =0, for [=0,..,p—2,

and a is a zero of A(t) of multiplicity at least p.

Proof of Lemma 2.2. Let us introduce some notation. We write 4, ;(¢)
for the (N —1) x (N — 1) matrix polynomial obtained from A4(¢) by deleting
its ith row and jth column. We write r, ;(#) =det(4, ;(¢)), ie., the minor of
the entry (7,/) of the matrix polynomial A(#). Up to a sign the polynomial
r;; is the entry (j, 7) of the matrix polynomial Adj(A(7)).

We must prove that r{’)(a) =0 for /=0, .., p—2.

We write A, ; . k). .. (mn. k(1) for the matrix polynomial obtained by
differentiating k, (k,> 1) times the column m, (d=1, ..,n<N)of 4, ;. We
then get the following expression for r{)(a):

rgl/)(a): Z a(ml,k]), s (M s k) det (Ai,j, (my, k), ,“,(m,,,k,,)(a))’
ZZ:lkd:[
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for certain nonnegative integers a,,, ). &, The result

v (M2,

(Adj(A(1)))" (a)=0,  for [=0,.,p—2
follows if we prove that for 0</<p—2, 3% _, k,=1 implies

det(Ai,j, (mi1, k1), ey (mp, k,,)(a)) = O
Let us consider the subspace U of R(a, 4, ;) defined by
ueU if and only if u,, =---=u,, =0,

where u,, denotes the mth component of the vector u. From the definition
of A, ;, it is clear that

ijo
dim(R(a, 4, ;)) = dim(R(a, A)) — 1.
We have then that

dim(U) >dim(R(a, 4, ;)) —n=>dim(R(a, A)) —n—1=p—n—1
=p—1=> lzp—1—-> k,=p—1—I=1.
d=1 d=1

Hence, we can take ue U, u #0.
The matrix 4, ; ., x)). .. im,. k(@) differs from A; ;(a) just in the columns

i

my, .., m,. The vector u has just these components equal to 0, and since
ue R(a, A, ;) it follows that

A (m1, k1)s oo (m,,,k,,)(a) u*= Ai,j(a) u*=0.

ij,
Since u # 0, we have that
det(A; ; omy. k1), o (s k(@) =0.

By differentiating the formula Adj(A(¢)) A(z) =det A(¢) I and taking into
account what we have already proved, we obtain that

(Adj(A())" (a) A(a) = (det A(£))D (a)1,  for 1=0,...p—1.

Since A(a) is singular, we deduce that (det A(¢))" (a)=0, /=0, ..,p—1,
and so a is a zero of A(¢) of multiplicity at least p. ||

We now prove Lemma 2.1
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Proof of Lemma 2.1. Let a be an eigenvalue of the matrix J,,, and let
v an eigenvector (v # 0) of this matrix corresponding to the eigenvalue a.
We write v as a block column:

n—1
where v, C". The equation J,yv=av can be written
Eqvy+ Dyv, =av,,
Divy+ E v, + D,v,=av,,

* —
anlv)172+Enflvn71_avnfla

which by the three-term recurrence relation for P,, and using that D, is
non-singular, successively gives

vy =Py(a) vy,

vy = Py(a) vy,

Up—1 :Pn—l(a) Vo,

0=P,(a)v,.

This shows that v,# 0 (otherwise v =6), and hence P,(a) is singular, i.e.,
a is a zero of P,,.

If V, is the space of right eigenvectors of the matrix J,, for the eigen-
value a, then W,={v,:veV,} is a subspace of C" of the same dimension
as V,, and P,(a)vy=0, for v,€ W,. This shows that W, R(a, P,), where
by R(a, P,) we denote the space of right eigenvectors of the matrix P,(«)
for the eigenvalue 0. Conversely, if P,(a) v, =0 for some v,e CV, and if we
define v, = P,(a) vy, k=1, ..,n—1, then v defined by (2.2) is an eigenvec-
tor for J,, corresponding to a. This shows that W,= R(a, P,). And so, we
conclude that the dimension of R(a, P,) is just the multiplicity of « as an
eigenvalue of J, . From Lemma 2.2, we deduce that « is a zero of P,(¢) of
multiplicity at least the multiplicity of a as an eigenvalue of J,,.

The zeros of P, are the zeros of det P,. Since the matrices (D), are
lower triangular and non-singlar, from the matrix three-term recurrence
formula it follows that det P, is a polynomial of degree just nN. The matrix
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J,n 18 a nN x nN matrix, so det(¢/,,—J,5) is a polynomial of degree just
nN, so from the result proved above, it follows that the zeros of the matrix
polynomial P, coincide with (and have the same multiplicity as) those of
the polynomial det(¢],y—J,»). Moreover, the matrix

Py(a)

a,=| D@ (23)

P, \(a)

defines a bijection between R(a, P,) and the subspace of eigenvectors of the
matrix J,, associated with the eigenvalue a. |

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. From the Lemma 2.1, and taking into account
that the matrix J,, is a nN x nN Hermitian (2N + 1)-banded matrix, (1) of
Theorem 1.1 follows. We have proved, in Lemma 2.1, that the multiplicity
of a coincides with the dimension of R(a, P,), the space of right eigenvec-
tors of the matrix P,(a) for the eigenvalue 0. But the dimension of this
space is just N —rank(P,(a)). If P,(a) and P, (a) had a common eigen-
vector v, then the recurrence formula would imply that @ would be a zero of
P, ., and then v would also be an eigenvector of P,_,(a) associated to 0.
Proceeding successively we would obtain that ¢ would be a zero of P,
which is a contradiction since P, is non-singular.

To prove (3) of Theorem 1.1, it will be enough to observe that the matrix
J,n is obtained from J, )y by deleting the last N rows and columns, so
the inclusion principle [ HJ, p. 189] gives the separation properties for the
zeros of P,,.

Now, we prove (4) of Theorem 1.1. If x,, , is a zero of P, of multiplicity
N, we deduce from part (2) of this theorem that P,(x, ) =0, and then each
vector u of C* is an eigenvector of P,(x,, ,) associated to the eigenvalue 0.
If P, ,(x, ) was singular then P,(x, ) and P, (x, ) would have a com-
mon eigenvector associated to 0, which contradicts (2). The rest of (4)
follows from the relationship between the orthogonal matrix polynomials
and scalar polynomials satisfying a higher order recurrence formula, which
was given in the Introduction of this paper (see Theorem A).

Finally, we prove (5), i.e., the quadrature formula. Indeed, let us consider
a zero x, ;.; of P, with multiplicity just m<N. We can assume that
Xy 141=Xp j42= " =X, 14,- We proved that the matrix 4, ,  (see
(2.3)) establishes a bijection between the subspace R(x, ;,,, P,) and the
subspace of eigenvectors of the matrix J,, associated with the eigenvalue
X, 1+1- Now, we choose a basis {v,, 1, ., U/, ,,} in R(x,,,, P,) such that

the vectors 4, , v, 4,., A, ,. V., form an orthonormal basis of the
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subspace of eigenvectors associated with the eigenvalue x,, ,, ; of the matrix
J,n. By proceeding in this way for every zero of the matrix polynomial P,
and since eigenvectors corresponding to different eigenvalues are
orthogonal, we obtain an orthonormal basis

{Ay, 015 Ay, Uan)

in C"™. If we use these vectors as the columns of a matrix B, it is
straightforward that this nN x nN matrix is unitary. The quadrature for-
mula for the polynomials (P,,), is implicity involved in this property of the
matrix B, as will be shown next.

According to the definition of the matrices 4, , (see (2.3)), we can write
the matrix B as

B=(Pi(x, ;) v))k=0...n—1., (2.4)
=1, ..,nN

where P,(x, ;) v, is a block of dimension Nx1. Now, we consider the
nN?x nN matrix C defined by

v, 0 0 ... 0
c=| 0 0 0
0 0 0 - v,

If we split up the nN? x nN? matrix CC* in blocks of dimension N x N, we
can write it as a block diagonal matrix

Bn, 1
CC* = e ,
Bn, nN
where the matrices B, , are defined by B, (i, ) = v, ;04 ;, i, j=1, .., N. So,

these matrices are positive semidefinite. According to the definition of the
matrix B (see (2.4)) and C, the condition BB* =1 can be written as

PO(xn,l) PO(xn,nN)
Pnfl(xn,l) Pnfl(xn,nN)
Pak(xn,l) Prﬂifl(xn,l)
cc* : " : —1

P(;k(xn,nN) P;zkfl(xn,nN)
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If we split up the matrix

Po(xn,l) PO(xn,nN)

Pnfl(xn,l) Pnfl(xn,nN)

in the above product, in blocks of dimension N xnN, according to the
definition of the matrices B, , (k=1, .., nN), we have

nN
Y Pux, 1) By iPH(x, ) =0k insn (2.5)

i=1

for 0<k, /<n—1. By definition of the vectors (v;),_, v, We have that
P (x,)v,=v¥P¥x,;)=0,i=1,..,nN. This gives

P:lk(xn, l)
(Pn(xn, 1)’ vy Pn(xn, nN)) C: 0 and C* = 0
P:lk(xn, nN)
So, for k, /=0, .., n— 1 we have that
P:zk(xn, l)
(Pk(xn, l)s eeey Pk(xn, nN)) CC* = Ha
P*
n(xn, nN) (26)
P;ck(xn, l)
(Pn(xn 1)7 ’ P (xn,nN)) CC* : = 0

Plzk(xn, nN)

From (2.5) and (2.6), we get

nN

z Pk('xn,i) Bn,ipl*(xn,i) :6k, IIN><N

i=1
for k=0,..,n—1 and /=0, ..,n, or k=0,..n and [=0,..,n—1. The
orthonormality of the polynomials (P,,), gives that

nN
Y Pul, ) B PFCx,. ) = | Pult) dM(1) P(1)

i=1
for k=0,..,n—1and /=0, ..,n, or k=0, ..,n and /=0, .., n— 1. That is,
the quadrature formula (1.4) for the polynomials (P,);_¢, (P,)}_, or
(P)7_o, (P))"—s. By linearity, the quadrature formula will hold for all

matrix polynomials P, Q for which dgr(P)+dgr(Q)<2n—1. |
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Remark 2.3. Proceeding as in the proof of Lemma 2.1, it is possible to
show that the zeros of certain perturbations of the matrix polynomial P,
are also real. Let 4 be a N x N matrix. If D, A= A*D}, then the zeros of
P,— AP, _, are also real. Moreover, if a is a zero of multiplicity p of
P,— AP, _,, then rank(P,(a)— AP, _,(a))=N—p.

Proof. Let a be a zero of the matrix polynomial P, — AP, _,, and let v,
be an eigenvector of the numerical matrix P,(a) — AP, _,(a) associated to
0. Let us define v, = P,(a) vy, k=1, ..,n—1, and v as in (2.2). Then, using
the three term recurrence formula (1.3) it is easy to show that v is an eigen-
vector of the matrix

E, D,
D¥ E, D,

D;lku En72 anl
D} , E, +D,A4

associated to «a. Since D, A4 is hermitian ¢ must be real. The rest can be
proved as in Lemma 2.1. |

To complete this section, we show that an orthogonalizing positive
definite matrix of measures for the polynomials (P, ), can be obtained from
the positive semidefinite matrices which appear in the quadrature formula
(1.4). To do that, we consider the following positive definite and discrete

matrices of measures
nN

Iun = z Bn,kéxnika n 2 05
k=1

where x,, ;, k=1, ..., nN, are the zeros of the polynomial P, (in increasing
order and taking into account their multiplicities), and B, ,, k=1, ..., nN are
the weights in the quadrature formula (1.4). We prove that, as in the scalar
case, we can obtain an orthogonalizing positive definite matrix of measures
for the polynomials (P,,),, as a limit point of these matrices of measures.

First of all, we need to recall some known results. By ([ —a, b], CV*%)
we denote the space of continuous functions from the interval [ —a, b] to
the linear space of complex N x N matrices. The dual space €'([ —a, b],
CM*N) will be the space of Nx N matrices whose entries are Borel
measures. It is clear that the unit ball of ¢'([ —a, b], CV*") is weakly
compact (Banach—Alaoglu).

Now, for a, be R™, we consider the matrix of measures

nN

HRup—an™ Z B, kéxn‘k'

k=1
xn kel —a,b]
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Given two increasing sequences (a)., (by)., for which a,, b, - + o0 as
k — + o0, doing a diagonal process and taking into account the weak com-
pactness of the unit ball of the space €'([ —a, b], CV*"), we obtain an
increasing sequence of nonnegative integers (n,,),,, and for every ke N a
matrix of measures u*' e €'([ —a,, b,], C¥*") such that

lim S0) d,, ()= (1) du®(1), (27)
m— 0 Y[ —ag, bi] [—ak. bi]
for all fe €([ —ay, b,], CY*V). We can also get u'® =u*) on [ —ay, b;]
for k<k'. From these matrices of measures, we obtain a matrix of
measures € %' (R, C¥*Y) which extends the measures u'©, (keN), ie.,
the measure u is such that for every ke N, u=x* in [ —a,, b, ]. Since the
matrices of measures (u,, ), are positive definite, it follows that the
matrices of measures u'*) are positive definite, and so is u.
Now, we prove that

J t"Idu(t) = lim J t"Idu, (1), for all neN, (2.8)

R m— o YR

where [ is the identity matrix of dimension N. For fixed ne N the quad-
rature formula (1.4) gives for n,,, n,, > n that

LR I du, (1) = jR 'Idu, (1).

If we write A, for this matrix, we must prove that Ansz t"Idu(t). Let
| -1, be the spectral norm defined by

4], = max {ﬂ A is an eigenvalue of A*4}.

For n,,>n, we have

b
f L du(t)— A,

—ay
J‘hk

—a

2

t”[dﬂ(t)—f "I du, (1)
k R

2

by b
<|[" eraun - erdu, o
7‘1]( m

—dk

2

—aj [e’e]
+ j "I du, (t)+f t"1Idu, (1)
. m bk m

2
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Given ¢ >0, since u=u"® in [ —a,, b, ], for n,, big enough, (2.7) gives

Now, if we take a nonnegative integer / such that 2/>n, we have that

b b
f 1 du(1) —j "1 du,, (1)

—dak —ak

<eé.
2

t2/

|l"| = t217n

1 2l—n
< ' for té[—a,, bl
( bﬁ) [~ b,

min {a,,

Hence, we have the following matrix inequalities (as usual A <B if B— A4
is positive semidefinite)

1 2U=n —ak 0
——— 21 21
<min {akabk}> <Im : Idﬂ"”’(l)+fhk ! Id,u,,m(l)>

—ay [°’e]
<[ erde,n+| e, (0
— 0 by

< <1>2l" <j 2 du, (1) +jm 2rd (z))
<\ oin e bo) B L, ) 1, (1) ).

Since ¥ >0, for e R, and the matrix of measures x, is positive definite,
it follows that the matrix

1 2l—n —ag o0
2]1 211
aag) (P o[ o)

(o8]

is also positive definite. By the definition of the spectral norm |- ||,, we get

[ et 0+ [ 1 du, (0

b

1 2l—n
<|\————
<m1n {aka bk}>

1 2l—n
< . 4 3
<mln {aka bk}>

1 2/—n
e — A
<min {ak’ bk}> H 21”2

Let k — oo, then this proves (2.8).
From (2.8), and the quadrature formula (1.4), it follows that the polyno-
mials (P,), are orthonormal with respect to the positive definite matrix of

2

[ e, i+ [ P, (1)
by

— o0

2

| e, (1)
R

2
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measures u. Observe that u may not be unique since we have selected only
one possible weak limit of the sequence of discrete measures given by the
quadrature formula.

3. BLUMENTHAL’S THEOREM FOR ORTHOGONAL MATRIX POLYNOMIALS

In this section we extend Blumnethal’s theorem regarding the support of
the orthogonalizing measure for a sequence of orthogonal polynomials on
the real line in case the recurrence coefficients associated with these polyno-
mials tend to finite limits, i.e., the orthogonalizing measure u belongs to the
Nevai class M(a, b), for certain ¢ >0 and beR.

Our extension is to orthogonal matrix polynomials for which the
recurrence matrix coefficients satisfy a similar condition.

We consider again a sequence (P,,), of N x N matrix polynomials satisfy-
ing a three-term recurrence relation of the form (1.3). Without loss of
generality, we can assume the matrices D, to be lower triangular matrices
with det D, #0 and E}*=E,. We also consider the scalar polynomials
(pn),. associated with the matrix polynomials (P,), as in theorem A of the
introduction. The polynomials satisfy a (2N + 1)-term recurrence relation
of the form (1.1). Then, we can assume that the recurrence coefficients in
this recurrence relation tend to finite limits. We denote these limits by
Cos ooy N

c,= lim ¢, 4, k=0, .. N.

n— oo

Since the sequence (c, o), is real, the number c, is also real.

According to the relationship, given in the introduction of this paper,
between the matrix coefficients in the recurrence formula for (P,), and the
scalar coefficients in the (2N + 1)-term recurrence formula for (p,),, the
hypothesis is equivalent to the following: the matrix coefficients (D),
(Ey), tend to the matrix limits D=(D; ), ;i .~ E=(E;)ij=1. . n>
which satisfy

for i< j, D 0,

ij=

form=0,..,N—1, D =D

J+m,j>

itm,i ih,j=1,., N—m,
form=0,..,N=1,  E,,;=E ,;, ij=l..N-m,
and form=2,.., N, E\ =Dy 21

that is, the matrix limit D is lower triangular, D and E have equal entries
on every diagonal (finite Toeplitz matrices) and the entries of the upper ith
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diagonal of E are the same as the entries of the lower N + 2 — ith diagonal
of D. Define the support of u by

supp(u) = supp(tr(u)) =supp(p;, 1 + 4o >+ -+ + iy n)- (3.1)

We can now prove the following theorem

THEOREM 3.1.  Assume that the coefficients in the matrix three-term recur-
rence relation converge to Toeplitz matrices. Define the trigonometric polynomial

t(x < Y 2R(c,) Tl cosx> < Y 2sin(x) J(cy) U,(l(cosx)>

k=1

where (T, and (Uy), are the Chebyshev polynomials of the first and second
kind, respectively. Let p be the positive definite matrix of measures with
respect to which the matrix polynomials (P,), are orthonormal. Then the
support of w is the compact interval [ co+inf, ;. 1 1(X), co+SUP e[ 7 a3
t(x)] and, possibly, two sequences of real numbers outside this interval which
tend to the endpoints. More precisely

[co+ inf #x),co+ sup #x)]<supp(u),

xe[—=n,n] xel[—nn]
and for every >0 the set

supp(u)\[co+ inf #x)—e co+ sup #(x)+e]

xe[—mn, n] xe[—nn]

is finite.

Before proving the theorem, we give an example proving that the
theorem is not true (the support of u does not need to be a compact inter-
val and, possibly two sequences tending to the endpoints) if we assume that
the matrix recurrence coefficients (D), (E,), tend to matrix limits D, E
without the restriction of equal entries on the diagonal. Let x, and u, be
two positive measures in the classes M(a, b) and M(d', b"), respectively,
where a#a’, and b#b'". Let us put (p, 1),, (P, »), for the orthonormal
polynomials associated with z, u,, respectively. Define the positive definite

matrix of measures v by
V= < ! >
0 Uy

If we write the recurrence relations for (p,, 1),. (P,.»), in the form

Ay 1,1Pn 41, () +bn, 1Pn, (1) +a, 1D, ()= I, 1(2),
Ayt 2Dni1,28) + D, 5p, o(0) +a, 2p, 1 (1) =1p, (1),
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then it is not hard to see that the matrix recurrence coefficients for the
orthonormal matrix polynomials with respect to v are

ar, 0 by 0
D, = ’ E, = ’ .
* ( 0 ak“2>’ g < 0 bk,2>

These recurrence coefficients tend to the matrices

a
D_EO E_<b0>
o 9 “\o v/
2

But the support of v is [b—a,b+alu[b —da', b'+a'] and, possibly,
some sequences tending to the endpoints of these intervals. Taking
b+a<b'—d, the support of v is not an interval.

Proof of Theorem 3.1. We consider the (2N + 1)-banded Jacobi matrix
associated with the matrix polynomials (P,,), (see (2.1)). The sequences on
the diagonals of this infinite matrix, that is, (¢, 4 )., £=0,.., N and
(¢ i)us k=1, .., N, are (by hypothesis) convergent sequences, with limits
cp=lim,_ ¢, s, k=0,.., N. This implies that the operator associated
with the matrix J in the Hilbert space /> and defined by

J: 2o 2
J((a}'l)n) = (an)}’l J’

is bounded. In [D2, Sect. 3], we show how to get an orthogonalizing
matrix of measures for (P,), from the resolution of the identity of any self-
adjoint extension of the operator J. From the results proved there and the
boundedness of the operator J, it follows that the orthogonalizing matrix
of measures of the matrix polynomials (P,), is unique, and that its support
(defined by (3.1)) coincides with the spectrum of J. So, we are going to
determine this spectrum.

We proceed as in [ MNYV, Sect. 4]. First, by using the following theorem
of H. Weyl, we replace the matrix J by a simpler one.

THEOREM (Weyl). Let A and B be bounded self-adjoint operators on a
Hilbert space, and assume that B is compact. Then the essential spectra of
A and A+ B are the same.

The essential spectrum of an operator is defined as the set of limit points
of its spectrum. According to this theorem, we can replace the matrix J by
the (2N + 1)-banded infinite matrix J, having the entries on every diagonal
equal to the limit of the corresponding diagonal in the matrix J. Indeed,
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since the diagonals of the (2N + 1)-banded infinite matrix J—J, tend to
zero, the operator defined by this matrix is compact, and so, J and J, have
the same essential spectrum. Theorem 3.1 will follow if we prove that the spec-
trum of J, is the compact interval [co+inf, [ . .4 #(x), ¢o+SUP e[ a3
t(x)].

We can assume that ¢, # 0. Indeed, if not, we would have to determine
the spectrum of an operator defined by a (2M + 1)-banded infinite matrix
(M < N), instead of a (2N+1)-banded infinite matrix. Consider the
operator J, acting on the Hardy space H? that is, the Hilbert space of
analytic functions f on the unit disk D

f2)=Y a7

with Taylor coefficients (a;); belonging to /%, equipped with the norm

Il = <,§0 |a,-|2>”2.

Using the isomorphism

(@))20 3 4,7
j=0

between /> and H?, the operator J can be represented on H> as

(Jof)z)=cnzVf(z)+ --- +c,zf(z)+cof(z)+a@+ +7N]%

< Cn [ Cn
—f0){—+ - +—= =0 =+ .-
70 (e X )r 0 (T2
SN0) ey
(N=1) z°
A complex number A belongs to the spectrum of J,, if the operator J, — Al
does not have a bounded inverse ([ is the identity operator) in H> Let us
consider the equation (J,— Al) f=g, where ge H? is given. This equation
can be written as

Cn

Cf o
<chN+ +c1z+c0—)»+;1+ +ZN>f(z)

[ v R
—f(0) <_|_ +N>_ _m7_ (2).

z V4
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Solving the equation for f(z) we get:

N 0 — N—1 - (N_l)(o)— N—1
z7g(z) +/(0)(¢; z +"'+CN)+"'+WCNZ

CNZZN+ +CIZN+1+(CO—/1)ZN+CTZN71+ _I_G

flz)= (3.2)

Let us write
Pi2)=enzN g e 2V (g =) 2V eV T 4 e 4y

We have to determine when the equation (3.2) defines a bounded operator
in H? We prove that this precisely happens when exactly N of the roots
of p,(z) are inside the unit disk D= {z: |z| <1}. Observe that the 2N roots
of the polynomial p,(z) are of the form x,, .., x5, 1/X7, ..., 1/Xy.

Suppose first that none of the roots x,, ..., xn, 1/X7, ..., /Xy has modulus
one. Then N of these roots are inside D. We can suppose these to be
Xy, .., X5. The function f defined by (3.2) will be analytic on D if and only
if xq, .., xy are also zeros of the numerator in (3.2). This gives a linear
system of equations with the N unknowns £(0), ..., /¥ ~Y(0)/(N—1)! and
the number of equations is equal to the number of different roots in
Xy, .., Xy. If all these roots are different we have a square linear system
whose determinant is

—N—1 — - N-1 -— —  N—1
c1X] + - FCcy XY + - FCoyXy o CaX)

det

— 1 _— = —1 - - —1
Clxx +"'+CN szx +"'+CNxN Cij/:'/

which after some straightforward simplifications becomes

1 X1 x}lvfl
1 X fol
— 2 2
oy det e : ,
1 Xy x%_l

which is a Vandermonde determinant with value ¢, [T, _,_ Jen (X —X;).
If all the roots x,, ..., x» are different, then for any given g in H? we can
determine uniquely the corresponding f in H2 Then the operator defined
by (3.2) is one-to-one and onto. Hence, it has a bounded inverse, according
to the open mapping theorem.

Let’s see now what happens if the multiplicity of any of the roots
Xy, .., Xy is greater than 1. Suppose we have p different roots x, .., x,,
with multiplicities N, .., N,, respectively, and N, + --- + N,=N. In this
case, to compensate for the roots of p,(z) we force the numerator in (3.2)
to have a zero of order just N,, in x,,, (m=1,..,p). Then we get again

m m»s
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a square linear system with the same unknowns as before. Taking into
account that the derivative of order j of the numerator in (3.2) is

) (N—=1) _ o o
(ZNg(Z))(j)+f(0) <(]V_]._1)‘CIZN 7 1+ +]!CN7j
SRy (N1

- —j—1 <7<
e N vy v s OSSN
we have that the determinant of this system is
y
oxV ety Tyx !
(N=D x4 -ty s (N=T1)yay 2
(N1 __ (N—1)!
WCI){/}V Nl+.~~+(N1—1)!CN_N]+1 (N_Nl)!Cle Ny
det .
c*lx!’)""+"’+ﬁ mngl
(N=DEx) 2+ -ty e (N=Doyx)—?
(N=])! N (N=1)!
T N T o AL
which after some simplifications becomes
1 x X x4 xy-!
0 1 o Nyttt Nxir=! (N—1)x}?
0 0 N,! Nll! xlwa,JFl (N—1)! X! »
(N, —N,+ 1) (N=N,)!
- N
oy det
1 X, x;)\"l xlllvlv x[l)\/—l
0 1 - Nxpoto N,xyr=! o (N=1x)2
0 0 0 N (N—1)! o
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which we can express in terms of partial derivatives of the Vandermonde
determinant:

a]+,“NI_]+A.A+]+.“+Np_]

—N
Cn Ni—1 N,—1
- -
0y Oyy) "'ayN—Np+1"'apr
N—1
L oy oy
N—1
< | det Yoo o0 )2
. . i . Yi=-=yN =X
N—1
L yy - Iy YN-N,+1= - =YN=Xp

aH—~--+N|—1+-~<+1+~~+Np—1

- N
1—1 7
ayzu.ale ...ayN7N17+1...apr
><< 1_[ (y/_yl)> Yi= - =yN =X
I<i<j<N
i<j PN-NpI= o =yN=xp

which is not zero. Again, for any given g in H? we can determine uniquely the
corresponding fin H? Thus the operator defined by (3.2) is one-to-one and
onto. Hence, it has a bounded inverse, according to the open mapping theorem.

So, we have proved that when exactly N of the roots of p,(z) are inside the
unit disk D, the equation (3.2) defines a bounded operator in H2 On the
other hand, if 4 is such that some of the roots x,, ..., x, of the polynomial p,
have modulus 1, then we must compensate for the roots of the denominator
in D but also for those on the unit circle 7, in order that the function f defined
by (3.2) belongs to H2 But in this case, we get a linear system of equations
with N unknowns and more than N equations (let us recall that the roots of
P, are X, .., Xy, 1/x7, .., 1/x5). The coefficient matrix for this system is as
before (but not a square matrix), and so the rank of this matrix is N.
However, it is very easy to see than an appropriate choice of the function g
gives an augmented matrix for this system with rank just N+ 1, and so, for
this function g, the equation (3.2) does not have a solution in H>. For this 4,
the operator J,— Al does not have a bounded inverse in H>.

Hence, we have proved that for a given A the equation (3.2) defines a
bounded operator in H? if and only if the polynomial

pi(Z):CszN‘f‘ +ClZN+1+(C0—/1)ZN—|—c712N*1+ sty

has exactly N roots inside the unit disk D= {z:|z| <1}. So the spectrum
of J, are the A’s for which p,(z) has at least one root on 7= {|z| =1}. But
saying this is the same as saying that the equation
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has a solution in 7. If we write

_ 1 _ 1
h(z)= —CNZN—CN?\,— Gz =G

then the equation (3.3) has a solution in 7 if and only if

inf h(z)<cy—A<sup h(z).
zeT zeT

So we deduce that the spectrum of J, is the compact interval
I=[coy—suph(z), co— Inf h(z)].
zeT zeT

But according to the definition of Chebyshev polynomials of first and
second kind, we conclude that for z=e™, xe[ —7, 7]

1 1
hz)=—cyz¥—Cyn—— -+ —C12—C; —
N N 1 1

z z

= _< i 2R(cy) Ti(cos x)> +< ]zv: 2 sin(x) 3(¢;) Uy _(cos x)> = —1(x).
k=1

k=1

And the proof of Theorem 3.1 is finished.
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